Green's tensor and symmetry
The complex amplitude of the electric field at the BFP due to an oscillating electric dipole can be written in terms of the Green's tensor BFP G 1, 2 : 
where A is a constant, k is wave number of the collected light, D z is the axial position of the molecular dipole relative to the focal plane, and n is the index of refraction of the immersion medium. For simplicity, in this section we assume that the index of refraction of the sample is matched to that of the objective immersion medium (on the other hand, our simulations below allow for mismatched media and layered samples 1 ). We assume scaled units such that ρ = 1 corresponds to a distance OL f (the focal length of the objective lens) from the optical axis. Due to the finite numerical aperture (NA) of the objective, BFP E is supported only on the region ρ < 1.
Note that equation (S1) applies exactly for a molecule with lateral position along the optical axis, i.e. ; the important results below still apply for any DD ( , ) xy since we assume a shift-invariant imaging system. The Green's tensor is defined in the Cartesian basis as follows Expanding equations (S1) and (S2) gives: is antisymmetric with respect to inversion, and so the final image (i.e. the y-phi-PSF) is symmetric.
Phi-to-y conversion efficiency
The ideal y-phi mask is an ideal half-wave plate (HWP) whose optical axis orientation gradually varies across the mask (as shown in Fig. 2c ). An ideal HWP with optical axis along the x axis has unity transmission for both x-and y-polarized optical waves, and imposes a relative phase shift of π on the two polarizations. For a realistic HWP, such as the one realized using an array of nanoposts as shown in Supplementary Fig. 7a , both the transmission efficiencies and the relative phase deviate from their ideal values. To optimize the metasurface mask design for maximum phi-to-y conversion efficiency, it is important to relate the conversion efficiency to the HWP parameters. To this end, we assume that a y-phi mask is made using a non-ideal HWP and find the phi-to-y conversion efficiency. Assuming the orientation of the principal axis of the HWP varies across the mask as shown in Fig. 2c , the Jones matrix at a location with polar coordinates of ( ,)  is given by: 
, we obtain the electric field of the light transmitted through the mask using
The y component of out E that passes through the polarizer (LP in Fig. 3 ) is given by:
The first term on the right hand side of equation (S10) is the desired term representing the phi-toy conversion, while the second term is undesired and should be minimized for the proper device operation. Thus, we define the phi-to-y conversion efficiency as: 
Characterization of the y-phi mask
The metasurface y-phi mask was characterized using the measurement setup schematically shown in Supplementary Fig. 8a . 
Explanation for inclusion of half wave plate
As mentioned in the main text, we had to insert a phase compensating element in the setup (Fig. 3 ) in order to effectively compensate for the reflection from the glass prism within our Olympus IX71 microscope and the birefringence of the dichroic mirror. For our DCDHF-A- Such dichroic mirrors are known to be birefringent in both transmission and reflection 5 , so this is not wholly surprising.
Clearly scope  is much closer to 0 than it is to π. If scope  were exactly 0 then one would need to apply an additional π phase delay to effectively undo the substitution BFP BFP yy  ; a 9 half wave plate with fast axis aligned with x would do exactly that. Thus the half wave plate inserted in our setup compensates for nearly all of the effect of reflection from the prism, except the residual 0.35 rad (≈ λ/18) phase delay. Simulations confirm that this compensation is enough to nearly recover the ideal y-phi-PSF. We were faced with similar but distinct phase errors with two different dL5 imaging configurations, as described in the Methods. For one such configuration we compensated by replacing the half wave plate with a quarter wave plate. For the other configuration we used a second dichroic as the phase compensating element. In the future, more precise correction can be applied with a Soleil-Babinet compensator.
Gaussian estimators
Simple Gaussian-based estimators were used to fit to simulated and experimental images of the standard PSF, phi-PSF, and y-phi-PSF. For the standard PSF we used the image model: 
with free parameters 19 , ...  . This is certainly not the only reasonable choice for Gaussian estimator, but it was chosen since it is the one most commonly used for fitting the Double-Helix PSF (DH-PSF) 6 , which very closely resembles the y-phi-PSF except that it rotates with zD rather than in-pane orientation. For simulated images we fixed 61
  due to symmetry considerations, but for experimental images they were allowed to be unequal in order to compensate for residual aberrations (see Supplementary Fig. 10 and the section below on residual lobe asymmetry).
Correcting sample drift
A small amount of sample drift was detected and corrected for in the localizations depicted in Fig. 4 and Supplementary Fig. 4 . ). Any residual motion of these in-plane molecules was assumed to be due to lateral drift of the stage. We averaged this motion across all selected fiducial molecules in each FOV, then subtracted this drift from the localizations of the molecules in Fig. 4 and Supplementary   Fig. 4 . For dL5 complexes 1 and 2 shown in Fig. 5 we determined the stage drift was small enough to ignore.
Residual lobe asymmetry
The y-phi-PSFs realized in our experimental data tended to show a slight lobe asymmetry, wherein the top lobe was somewhat brighter than the bottom lobe (e.g. see Fig. 4a ).
This might be a result of residual phase and/or amplitude aberrations present in the microscope itself. In particular, even high-quality objectives are known to often have significant aberrations [7] [8] [9] , which can be problematic for some applications. Supplementary Fig. 10 shows that a small amount of vertical coma phase aberration produces simulated images that appear qualitatively consistent with this asymmetry. This effect was simulated by multiplying BFP ( ,)  E by the is the normalized Zernike polynomial corresponding to vertical coma 10 , and c is a constant. For
Supplementary Fig. 10 we heuristically tuned to c = 0.2.
By fitting to the sum of two Gaussians with unequal intensity rather than localizing with the centroid we avoided introducing strong additional localization errors, as evidenced by the successful results in Fig. 4c . However, it is possible that future applications will require more careful consideration and correction of these aberrations. 
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